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Abstract: We describea C++ class,Ogmg,thatcanbe usedto solve elliptic boundaryalueproblemson composite
overlappinggridswith the multigrid algorithm.Ogmgsolvesproblemsn two andthreespacedimensionson overlapping
grids. Currentlyonly secondrderaccuratescalarelliptic boundaryalueproblemscanbe solved.
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1 Intr oduction

Ogmgis a multigrid solver for usewith Overture[1],[2]. Ogmgcansolwve scalarelliptic problemson overlappinggrids. It has
avariety of smoothersncluding Red-Blackandline smoothersA sparsadirector sparsdterative solver suchasGMREScan
be usedto solve the coarsegrid equations- the Overturesolver Oges is usedfor this purpose.
The systemof equationghatOgmgsolvesarespecifiedasa “coefficient-array”grid function. The coeficientarraycanbe
createdusingthe OvertureoperatorclassesTheuserof Ogmgis responsibldor creatingtheseequationsatall multigrid levels.
Ogmgdoesnotyet handlethe caseof singularproblemssuchasa Poissorequationwith all Neumanrboundaryconditions.

2 The multigrid algorithm for overlapping grids

Ogmgusesthe standarddefectcorrectionalgorithm. The implementatioron overlappinggrids is relatively straight-forvard.
Seethe paperf4] for furtherdiscussion.

e Typically JacobiRed-Blackor line (zebra)smoothersareused.
e Thefineto coarseRestrictionoperatoris thefull weighting operatorexceptatboundaries.
e Thecoarseo fine Prolongtion operatolis secondor fourth orderinterpolation;second-ordeby default.

e Thecyclechoseris eitheradaptve or canbefixedto adesiredone.

while not converged do
smoothy; timesor until thesmoothingrate> 7
V1 — Syli)l
form the defectandtransferto the coarsemgrid
fo = R'72(f — Avy)
“solve” thedefectequation(atleastto an“accurag” of ¢)
Asva = fo
correctthefine grid solutionfrom the coarsegrid solution
vy — vy + P21y
smoothw, timesor until thesmoothingrate> 7
vy — SY20
endwhile

Thesmoothingsteprepresentetly the operatorS is a composite-smootivhereeachgrid in turnis smoothed:

for each grid g in a CompositeGrid do
smoothgrid g v, times
interpolate

endfor

Thesmoothemndthe numberof smoothamayvary from componengrid to componengrid. We try to choosen;, the number
of smoothson eachcomponengrid, sothatthe residualstaysaboutthe samesizeon eachcomponengrid. The approximate

rule we useis that
|| residualon grid g||
ng ~ — : -
min, ||residualon grid g|

Thegrid with thesmallestesidualwill have ng = 1.

3 UsingOgmg
3.1 BasicSteps

To useOgmgto solve a problemthe usershouldtake the follwoing steps:
1. Generatanoverlappinggrid with the grid generatoogen thathasmorethanonemultigrid level.

2. Usethe operatorclassedo build a coeficient matrix definingthe discretizationof an elliptic boundaryvalue problem.
This mustbe doneat eachmultigrid level (althoughwith the operatorclasseghisis quite easy).



3. CreateanOgmgobjectandassignparametersuchasthetype of smoother

4. Definetheright handside function for the PDE, including boundaryconditions. This needonly be doneat the finest
level.

5. solvetheproblem.

3.2 Convergencecriteria

Ogmg usestwo possibleconvergencecriteria. One can either measurehe convergencethroughthe maximumnorm of the
residualor by anestimateof theerror. Both criteriamustbe metfor convergence.
Theresidualcorvergencecriteriais

|Iresiduall < resi dual Tol er ance x numberof grid points

wherethe ‘r esi dual Tol er ance’ is the userspecifiedtolerance.We scaleby the numberof grid pointsasan attemptto
male this tolerancesomevhatindepedentrom the numberof grid points.Notethatfor atypical elliptic problemthevery best
valuethatcanbe expectedfor the residualis proportionalto the round-of error, ¢/h2, wheree is the machineepsilonand# is
thegrid spacing(sothat1/h? is approximatelythe numberof grid points).

Theseconctornvergecriteriais basedn anerrorestimate,

E™ <errorTol erance

where‘er r or Tol er ance’ is auserspecifiedvalue. TheestimateE™ for the erroratiterationn is computedas

5" = Hun+1 — unH
o]
E" = . 5“71,” — "

wherewe usethe maximumnorm. This estimatefollows assuminghe solutionis corverging atarated,

TR, (B - )

3.3 Testroutine ogmgt

ThetestroutineOver t ur e/ Ogng/ ognyt . C shavs how to call Ogmgto solve Poissons equationwith eitherDirichlet or
Neumanrboundaryconditions:

Au=f for x € Q
u=g, Ofu, =g for x € 99.
The forcing functions f and g are chosensothatthe true solutionis known. We usethe Twilight-Zone functionsdefinedin

the OGPol yFunct i on andOGTr i gFunct i on classego definethe true solutionandits derivatives. Seethe OtherStuff
documentatiofi3] for furtherdetailsontheseclasses.



4 Generating an overlapping grid with multigrid levels
Thegrid generatofOgencanbe usedto build anoverlappinggrid with somenumberof multigrid levels.

Hereis an examplecommandfile for ogenfor creatingthe ‘circle in a channel’grid, ci crg. hdf . In this examplethe
overlappinggrid algorithmfailsif we wereto askfor any morethan2 multigrid levels.
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In figure (1) we shawv two multigrid levelsfor atwo-dimensionalalve.
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5 Black Box Multigrid

A new featureof Ogmgis the ability to take a problemdefinedon a CompositeGridvith only onelevel andto automatically
generatehe informationfor coarserlevels. Therearetwo key ingredientsto makingthis work. The first is that we needto
generatethe coarsegrid coeficient matricesautomatically The secondis to handleinterpolationpoints on the coarsegrid
which may or may not sit oninterpolationpointson thefine grid.

5.1 Operator averaging

To generatea coarsegrid operatorfrom afine grid operatorwe canaveragethe operatoron the fine grid andthenrestrictthe
resultto the coarsegrid.

Considera 3 point stenciloperatorin onedimension.If we look at the stencilfor rows: — 1,4, + 1 arrangedn a matrix
thenwe get

i—1Ui—2  bi_1ui—1  ci—1uy 0 0
0 a;Ui—1 biu; Cilli4+1 0
0 0 @it1%;i  bip1Uit1  Cip1Uige

If we replacerow i by theweightedaverageof rowsi — 1, 4,4 + 1 with weightsq, 3, o thenwe getthewide stencil
aai—1ui—2  (abi—1 + Ba)ui—1  (a(ci—1 + aip1) + Bbi)u;  (abipr + Bei)ui—1 acipitige

If we distribute the valuesat pointi — 1 usingu;_1 = 3(u;_» + u;) andatpointi + 1 usingu; 41 = 3(u;4+2 + u;) thenwe
have awide stencilonly definedat pointsi — 2,4, 7 + 2.

((1((1,,',1 + %bifl) + %ﬁ(],i)’ll,i,Q (a(%bi,1 + %biJrl +ci—1+ ai+1) + ﬁ(bl + %(11 + %Ci))ui ((I(Cprl%[)prl) + %ﬁci)uHQ
Typically we take « = v = 1/4, and = 1/2. In morethanone spacedimensionwe canapply the abose averaging

proceduresequentiallyin eachdirection.

5.1.1 Operator averaging at boundaries

At aboundarywewill typically have aboundaryconditionsuchasadirichlet,neumanror mixedboundarycondition.We need
to decidehow to averagenearthe boundaryandon the boundaryor ghostline.

Ogmgis awareof two typesof boundaryconditions.Theseboundaryconditions’actuallyjustindicatehow the ghostline
shouldbe updated.Theconditionext r apol at i on indicategheghostline is extrapolatecandusuallymeanghatadirichlet
boundaryconditionis appliedontheboundary Theequat i on boundaryconditionindicateghatsomeequatioris appliedon
theghostline; thisis usuallyassociatedvith a neumanror mixed boundarycondition.

dirichlet : In this casewe justimposeadirichlet BC in the coarsegrid operator

neumann : (or neumannik e condition)coarsegrid operator The coarsegrid operatoris obtainedby distributing thefine grid
ghostline equatiornto the coarsegrid but not averagedn thetangentiadirection.

(a(ai + %bl) + %ﬂai)Ui,z (O[(b, +c; + ai) + [)’(bq + %ai + %Q))UZ (O[(Ci + %bz) + %/BCi)Uj+2

extrapolation : coarsegrid operatoris alsoextrapolation.

equation : ghostline hassomeequationonit. The coarsegrid operatoris obtainedby averagingthe ghostlineequationgi.e.
averagingis only donein thetangentialdirections).

Remark: Thecoarsegrid matrix A2 canalsobe definedfrom thefine grid matrix A! usingthe prologationandrestriction
operators

A? = RA'P

Thefirst stepabove wherethe rows werecombinedcorrespondso premultiplying A' by R. Thesecondstepwherethevalues
atpointsi + 1 andi + 1 wereremoved correspondso the post-multiplicationby P.



6 Numerical Results

In this sectionwe presensomenumericalresultsfor sometwo andthreedimensionaproblems.
Notation:

WU() = numberof work unitsfor iterationi

res(i) = residualfor iterationi

rate(il) = corvergencerate,res(i)/res(i-1)
ECR(i)) = effective corvergencerate

B (res(i +1) > /WU
res(7)
err(i) = maximumerrorin the solutionfor iterationi
ns = humberof smoothgerlevel

A work unit is definedto be the amountof work (numberof multiplications)requiredfor a single Jacobiiteration. The work
unitsreportedhereareonly reasonabl@pproximations.

Theeffective corvergencerate(ECR)is anormalizedconvergenceratethattakesinto accounthe amountof work required
for eachmultigrid iteration. The ECRis the cornvergenceratethata Jacobiiterationwould have to achieve periterationin order
to be asgoodasthe multigrid algorithm. Recallthatthe Jacobiiterationhasa corvergenceratefor standarcelliptic problems
thatquickly approached, ECR = 1 — O(h?) asthemeshsizeh goesto zero.Optimal SORis betterwith ECR =1 — O(h).
Multigrid effective corvergenceratesaregenerallyin therange.5 to .8, independenbf the meshsize. (The cornvergencerate
for afull cycleis usuallyabout.1). Sincethe corvergenceratedoesnot dependon h the methodhasoptimal compleity —the
work requiredto computethe solutionto a given accuray requiresa fixed numberof iterations,independendf i, andis thus
proportionalto the numberof unknavns.



6.1

Square
i res(i) rate(i) | WU(i) | ECR(i) i res(i) rate(i) | WU(i) | ECR(i)
1] 6.7e—01 | 0.039 5.1 0.53 1] 1.3e+01 | 4.1e — 02 5.3 0.55
2| 2.7e—-02 | 0.041 5.1 0.54 2| 5.6e—01 | 4.2e — 02 5.3 0.55
3| 1.2e—03 | 0.043 5.1 0.54 3| 24e—02 | 4.3e — 02 5.3 0.55
4 | 5.2e—05 | 0.044 5.1 0.54 4| 1.1e—03 | 4.4e — 02 5.3 0.56
5 | 2.4e—06 | 0.046 5.1 0.55 5| 4.9e—05 | 4.5e — 02 5.3 0.56
6| 1.1e—07 | 0.047 5.1 0.55 6 | 2.2e — 06 | 4.6e — 02 5.3 0.56
7| 5.4e—09 | 0.048 5.1 0.55 7| 1.0e —07 | 4.7e — 02 5.3 0.56
8 | 2.6e—10 | 0.048 5.1 0.55 8| 4.9e—09 | 4.7¢ — 02 5.3 0.56
9| 1.3e—11 | 0.049 5.1 0.56 9| 2.3e—10 | 4.7¢e — 02 5.3 0.56
Red-Black,squarel6mg Red-blacksquare64mg.
2 levels,ng = 3, Dirichlet 4 levels,n, = 3, Dirichlet

i res(i) rate(i) | WU(i) | ECR(i)

1| 38+01 | 7.0e —02 5.3 0.61

21 29e+00 | 7.5e —02 5.3 0.61

3| 22e—01| 7.7e — 02 5.3 0.62

4| 1.7¢e =02 | 7.7e — 02 5.3 0.62

5| 1.3e—03 | 7.8 —02 5.3 0.62

6| 1.le—04 | 7.9¢ — 02 5.3 0.62

7 | 8.5e—06 | 8.0e—02 5.3 0.62

8 | 6.8¢ —07 | 8.0e — 02 5.3 0.62

9 | 5.5e —08 | 8.0e — 02 5.3 0.62

Alternating-Zebrasquare64mg.
4 levels,n, = 3, Dirichlet

Tablel: Multigrid corvergenceratesfor asquare.
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6.2 Circlein achannel

i res(i) rate(i) WU(i) | ECR(i)
i res(i) rate(i) | WU(i) | ECR(i) 1] 1.7¢e4+00 | 1.1e— 01 5.1 0.65
1| 3.7¢e—01 | 4.0e — 02 5.1 0.53 2| 4.9e—01 | 2.8¢ — 01 5.1 0.78
2| 3.1e—02 | 8.3e—02 5.1 0.61 3| 1.3e—01 | 2.6e — 01 5.1 0.77
3| 54e—03 | 1.7¢ — 01 5.1 0.71 4 | 3.6e —02 | 2.8¢ — 01 5.1 0.78
4] 1.0e —03 | 1.9¢ — 01 5.1 0.72 5| 1.0e =02 | 2.8e — 01 5.1 0.78
5| 2.1e—04 | 2.0e — 01 5.1 0.73 6 | 2.5e—03 | 2.5e — 01 5.1 0.76
Red-Blackcicmg. 7| 6.6e—04 | 2.6e —01 5.1 0.77
2 levels,ns = 3, Dirichlet Alternating-Zebracicmg.
2 levels,n, = 1, Dirichlet
i res(i) rate(i) | WU(i) | ECR(i)
11 3.7¢e+00 | 0.018 9.6 0.66
21 9.0e—02 | 0.024 8.3 0.64
3199 —03 ]| 0.111 7.4 0.74
4 | 1.5e — 03 | 0.148 7.8 0.78
5| 1.7e—=04 | 0.113 7.9 0.76
6| 1.7e =05 | 0.104 7.7 0.75
71 21le—06 | 0.124 7.4 0.75

Red-BlackcicmgFine.112,850grid points.

4 levels,ng = 4, Dirichlet.

Table2: Multigrid corvergenceratesfor a circlein achannelcicmg.
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6.3

Box
i res(i) rate(i) | WU(i) | ECR(i)
1 | 8.8e+00 | 0.080 4.8 0.59
2 | 7.7e — 01 | 0.087 4.8 0.60
; res() rate () WU() | ECR() ‘ 3 | 6.7e —02 | 0.088 4.8 0.60
1] 18+00 |92 —02]| 48 | 061 1] 60e—03 7100881 4.8 ) 0.60
2| 17¢ 01| 9.1e—02 | 48 | 0.60 b | b3e— 0170089 ) 4.8 | 0.0
6 | 4.7¢ — 05 | 0.089 4.8 0.60
3| 1.5e—02 | 9.1e — 02 4.8 0.60
4 | 1.be—03 | 1.0e — 01 4.8 0.62 7 | 43¢ =06 0.090 4.8 0-60
Red-BlackboxBmg 8 | 3.9e —07 | 0.091 4.8 0.60
2 levels,n, :’3 Dirichlet 9 | 3.5e—08 | 0.091 4.8 0.61
’ ! 10 | 3.2e — 09 | 0.092 4.8 0.61
11 | 3.0e — 10 | 0.092 4.8 0.61
Red-Black,box16bmg
4 levels,n, = 3, Dirichlet
i res(i) rate(i) | WU(i) | ECR(i)
1 | 1.5e+02 | 0.080 4.7 0.58
2 | 1.3e+01 | 0.087 4.7 0.59
3 | 1.2e+00 | 0.087 4.7 0.59
4 | 1.0e =01 | 0.088 4.7 0.60
5 | 9.1e—03 | 0.088 4.7 0.60
6 | 8.1le—04 | 0.089 4.7 0.60
7 | 7.2e — 05 | 0.089 4.7 0.60
8 | 6.5e—06 | 0.090 4.7 0.60
9 | 5.8¢ —07 | 0.090 4.7 0.60
10 | 5.3e — 08 | 0.091 4.7 0.60

Red-Blackbox64bmg
5levels,ns = 3, Dirichlet

13
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6.4 Spherein abox

i res(i) rate(i) | WU(i) | ECR(i)
1 | 5.7e4+00 | 0.088 6.1 0.67
2 | 4.5e—01 | 0.079 6.1 0.66
3 | 3.6e—02 | 0.081 6.1 0.66
4 | 3.9e¢—03 | 0.108 6.1 0.69
5 | 7.7e— 04 | 0.197 5.6 0.75
6 | 1.5e —04 | 0.199 5.4 0.74
7 | 27e—05 | 0.176 5.1 0.71
8 | b.de —06 | 0.201 5.5 0.75
9 | 9.5¢—07 | 0.175 5.1 0.71
10 | 1.8e — 07 | 0.192 5.6 0.74

Red-Blacksibmg
2 levels, Dirichlet

Table4: Multigrid cornvergenceratesfor a 3D spheran abox.

7 Singular problems

Whenthe problembeingsolvedis singular suchasthe Neumanmroblem
Au=f
Up =43

therearesomedifficulties usingmultigrid andestimatingthe errorsandcorvergencerates. The problemstemsfrom the facts
thatthe solutionis only determinedup to a constantandthat thereis a compatabilityconditionon f andg that may not be
exactly satisfiedin the discreteequations.If the compatabilityconditionis not satisfiedthenthe residualcannotbe drivento
zerobut ratherthe solutioncanonly be expectedto corvergein ageneralizedense.

AU = F

If I” A = 0 thenthe compatabilityconditionis I” F' = 0.
WhenOgesis usedto solve a singularsystemsuchastheonegivenit solvestherelatednon-singulaiproblem

ERIRIRE @

wherer = [1,1,...,1]7 is theright null vector Althoughthe matrix A is singularthe augmentednatrix is nonsingularand
hasauniguesolution:

AU =F — ar
U =0
_r
Itr

We could try to solve the above non-singularsystemwith multigrid. The questionariseshow to computea: or how to
computeiteratesa™ that corverge. | don't know how to do this. If we knew the left null-vectorthenwe could computex
directly. Theleft null vectoris expensve to computeandthuswe maywish to avoid computingit (especiallyin amoving grid
applicationwheretheleft null vectorwould be changingasthe grid changes.)

Anotherapproachis to usemultigrid to iterateasif the problemwerenon-singularIf we furthersetthe meanvalueof the
solutionto be zeroat every iterationwe would thenexpectthe solutionto corverge. The only problemis thatthe residualwill
notgoto zeroif the compatibility conditionis not satisfied. The multigrid solver relieson knowing anestimatefor the norm of
theresidualin orderto cycle properly We thereforewould like anestimatedesidualthatdoesgo to zero.

14



To getthis estimatewe candefinethe solutionto our singularproblemto bethe onethatsatisfies

r' =f— Au”

" =r" — az*

wherea minimizesthe expression

min ||Au — f — aw||
@

andw satisfies

Aw =r

rw

15



8 Ogmg Function Descriptions

8.1 constructor
Ogmg()

Description: Default constructar

8.2 constructor

Ogmg(CompositeGrid & mg,
GenericGraphicsinterface*ps_ = 0)

Description: Build a multigrid solver.

mg (input) : grid to use

ps_ (input) : supplyanoptionalGenericGraphicsintemteobjectfor plotting.
Notes: Herearesomenotes.Seethe OgmgUserGuidefor furtherdetails.

Boundary Conditions : Ogmglooks at the coeficient matrix to determinef the ghostline valuesare extrapolatedor
not. If notit assumeshereis somesortof neumanror mixedboundaryconditionsanddoesa few thingsdifferently

Inter polants Themultigrid solver needdo interpolateat the differentlevels. If no Interpolantis foundto be associated
with a CompositeGridat a givenlevel theupdat eToMat chG i d routinewill build anInterpolantthefirst time
(andupdateit on subsequentalls). Thusif you have built anInterpolantfor ary level thenyou areresponsibldo
updateit if thegrid changes.

8.3 setPlotStuff

void
set(GenericGraphicsinterface*ps_)

Description: Supplya GenericGraphicsInteateobjectto usefor plotting.

ps_ (input) : pointerto a GenericGraphicsinteateobject.

8.4 updateToMatchGrid

void
updateToMatchGrid( CompositeGrid & mg_)

Description: Updatethe solver to matchthis grid.

mg (input) : grid to use

8.5 getMaximumResidual

real
getMaximumResidual() const

Description: Returnthe maximumresidualfrom thelastsolve

8.6 getNumberOfiterations
int
getNumberOfiterations() const

Description: Returnthe numberof multigrid iterations(cycles).

Return value: thenumberof iterations.

16



8.7 sizeOf

real
sizeOf(FILE *file =NULL) const

Description: Returnnumberof bytesallocatedoy Ogmg;Optionally print detailedinfo to afile

An estimateof spacerequirementss 20N (2D) or 40N (3D) where N is the numberof grid pointson the finestgrid
(assumesmaximumnumberof levelssothat.5+.25+.125+... = 1. Forline smoothershereis additionspaceequired.

file (input) : optionallysupplyafile to write detailedinfo to. Choosefile=stdoutto write to standardutput.

Return value: thenumberof bytes.

8.8 setOgmgRarameters
int
setOgmgRirameters(OgmgRrameters & parameters )

Description: setparametergqualto anotheparameteobject.

8.9 solwe
int
solve(realCompositeGridFunction& u, realCompositeGridFunction& f)

Description: Solve Au=f with multigrid

u (input/output) : initial guesson input, answeron output. It is NOT necessaryhatu be definedon all multigrid levels. u
mayonly live onfinestlevel. It is bestif u satisfieshe boundaryconditionson input althoughthisis notrequired.

f (input) : right handsidefor the problem.f shouldbe definedfor thefinestlevel. As with u, f canonly be definedonthefinest
level if desired.

8.10 cycle
int
cycle(constint & level, constint & iteration, real & maximumDefect)

Description: Performamultigrid cycle. Thisroutineis calledrecursvely.

8.11 printStatistics

void
printStatistics(FILE *file _ =stdout) const

Description: Print performancestatisticssuchasthe cputime requiredby variousroutines.

8.12 setCoefficientArray
int
setCoefficientArray( realCompositeGridFunction& coeff)

Description: Supplythe coeficient matrix. matrix (input) : a coeficientmatrix definedon all levels.

Ogmg::updatedMatchGridshouldhave alreadybeencalledat this point so that the the multigrid-compositegrid with
extralevelshasalreadybeenbuilt.
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8.13 setOrderOfAccuracy
int
setOrderOfAccuracy(constint & orderOfAccuracy )

Description: Settheorderof accurag (2 or 4).

orderOfAccuracy _ (input) :

8.14 interpolate
int
inter polate(realCompositeGridFunction& u, constint & grid =-1*/, int level /* =-1)

Description: Interpolateheresowe cankeeptrackof thecputime used.

grid (input) : interpolatethis grid only (if possible)

8.15 update
int
update(GenericGraphicsinterface& gi)

Description: Updateparameterinteractiely.

8.16 update
int
update( GenericGraphicsinterface& gi, CompositeGrid & cg)

Description: Updateparametersnteractively. Use this updateif you have not alreadygiven a CompositeGridto Ogmg
(througha constructoror with the update ®MatchGridfunction).

8.17 smooth

void
smooth(constint & level, int numberOfSmoothingSteps)

Description: Thisis the”composite”’smoothroutine. Smoothon all grids usinga possiblydifferentsmootheifor eachgrid.

8.18 smoothJacobi

void
smoothJacobi(constint & level, constint & grid)

Description: JacobiSmoother

8.19 smoothGaussSeidel

void
smoothGaussSeidel(consht & level, constint & grid)

Description: GaussSeidelSmootherNOT implemented/et.
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8.20 smoothRedBlack

void
smoothRedBlack(consint & level, constint & grid)

Description: Red-BlackSmoother
Firstsmooth’red” points,thenblackpoints

Two- di nensi ons:
shiftl shift2

0 0
1 1
1 0
0 1

Thr ee- di nensi ons:
shiftl shift2 shift3
0

o

POORORR
POROROR
PR OORRFROO

8.21 smoothLine

void
smoothLine(constint & level, constint & grid, constint & direction)

Description: Line SmootherZebraline smoothing.

direction (input) : smoothonlinesin thisdirection,0,1,2

8.22 alternatingLineSmooth

void
alternatingLineSmooth(constint & level, constint & grid)

Description: Herewe do alternatingine smoothspneline smoothin eachdirection.

8.23 fineToCoarse(level)

void
fineToCoarse(consint & level)

Description: Transferthe defectfrom thefine grid at’level’ to thecoarsegrid at’level+1’

level (input): *** thesenext commentsareprobablywrong****
Fine to Coarse (Restriction) Transfer
 f2 < Restriction( f1)
Not es:

(1) Full Weighting at all Interior Nodes with mask() > 0
(2) Boundary nodes(*) are full weighted in the boundary
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(i.e. 1 dinension less) if mask > 0

(3) The first line of fictitious points(*) are full weighted
anongst fictitious points of the first line,
(i.e. 1 dinension less) if nmask(boundary) > 0

(*) except BC corners or edges where the defect is injected

Phi | osophy:
Don’t average together defects that conme fromdifferent types
of equations. Boundary nodes are assuned to be distinct from
interior nodes and the first line of fictitious points are
al so assuned to be of a different type. Corners in 2D
or BC edges in 3D are al so assuned to be distinct.

8.24 fineToCoarse(level,grid)

void
fineToCoarse(consint & level, constint & grid)

Description: Transferthe defectfrom thefine grid at’level’ to thecoarsegrid at’level+1’

level,grid (input):

Notes: Full weightingoninteriorandboundarypointswheretheequations applied.If the BC for ghostpointsis extrapolation
(e.g.if thereis adirichlet BC) thenthe boundarydefectsareaveragedalongthe boundary

8.25 coarseToFine(level)

void
coarse bFine(constint & level)

Description: Correction:coarseo fine transfer

u[level]+ = Prolongation[u[level + 1]]

8.26 coarseToFine(level,grid)

void
coarsebFine(constint & level, constint & grid)

Description: Correcta Componentrid
u(i, j) = u(i, j) + Plu2(i, 5)] (P: Prolongtion)
cp21,cp22,cp23coefcientsfor prolongation,2ndordercp4l,cp4l,cp43 coefcientsfor prolongation,4th order

8.27 defect(level)

void
defect(constint & level)

Description: Defectcomputation
Fill in defectMG[level] with f-Lu

8.28 defect(level,grid)

void
defect(constint & level, constint & grid)

Description: Defectcomputatioronacomponengrid
ComputedefectMG.multigridLeel[level][grid]
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8.29 getDefect

void

getDefect(consint & level,
constint & grid,
realArray & f,
realArray & u,
constindex & 11,
constindex & 12,
constindex & 13,
realArray & defect,
constint lineSmoothOption)

Description: Defectcomputatioronacomponengrid

Determinethedefect=f - C*u

Thisroutineknows how to efficiently computethedefectfor rectangulaandnon-rectangulagrids. It alsoknows how to
computethe defectfor line smootherdnput- level,gridf,u 11,12,13 lineSmoothOptiorn= -1 : = 0,1,2: computedefectfor
line solve in direction0,1,20utput- defect

8.30 initializeBoundaryConditions
int
initializeBoundaryConditions(r ealCompositeGridFunction & coeff)

Description: Determinethetype of boundaryconditionthatis imposedon the *GHOSTLINE** for eachsideof eachgrid.
Thereare3 possibilities:

1. extrapolation: ghostpointis extrapolated.This requiresa specialformulafor thedefect.

2. equation: anequationsuchasa neumanror mixed boundarycondition. This usesbasicallythe sameformulafor
the defect,but shiftedto be centredon the boundary

3. combination: acombinationof theabove two appear®ntheboundary
Notes: We checkthe classifyarrayto determinehetype of boundarycondition.

8.31 applyBoundaryConditions(level,...)
int
applyBoundaryConditions( constint & level, RealCompositeGridFunction& u, RealCompositeGridFunction& f)

Description: Assignboundaryconditionsonthe**GHOSTLINE** for eachsideof eachgrid.

8.32 applyBoundaryConditions(level,grid,...)
int
applyBoundaryConditions(constint & level,

constint & grid,

RealMappedGridFunction & u,
RealMappedGridFunction & f)

Description: Assignboundaryconditionsonthe*GHOSTLINE** for eachsideof agrid. Valueson theactualboundaryare
assumedo be donein thesmoothingstepsincethe coeficient maxtrix shouldhold the properequationthere(a Dirichlet
BC for example).

level,grid (input) :
u (input/output) : applyBC’sto thisgrid function.

f (input): rhsto theequation(neededo computethe defectfor non-extrapolationBC’s)
Thereare3 possibilities:
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1. extrapolation: ghostpointis extrapolated.This requiresa specialformulafor thedefect.

2. equation: anequationsuchasa neumanror mixed boundarycondition. This usesbasicallythe sameformulafor
the defect,but shiftedto be centredon the boundary

3. combination: acombinationof theabove two appear®ntheboundary

8.33 buildExtraLe vels
int
buildExtraLe vels(CompositeGrid& mg)

Description: Build extra multigrid levels. Thisroutinewill createcoarsetevelsautomatically Thetricky partis to determine
how to interpolateonthe new coarseitevels. After agrid is coarsened maynolongerhave enoughinterpolationpoints.
We addnew interpolationpointsto fill in the gaps. Thewidth of theinterpolationstencilis reducedpn a point by point
basis,if necessary

mg (input/output):
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